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1. INTRODUCTION 
T h i s  paper primarily deals w i t h  an overview of global-local s t r e s s  analysis  
methods and associated d i f f i c u l t i e s  and recommendations f o r  future research. The 
phrase global-local analysis  i s  understood t o  be an analysis  i n  which some par t s  of 
the domain or  s t ruc ture  a re  identified,  f o r  reasons of accurate determination of 
s t resses  and  displacements or f o r  more refined analysis t h a n  i n  the remaining par t s .  
The par t s  o f  refined analysis  a re  termed local and the remaining par t s  a re  cal led 
global. Typically local regions a re  s m a l l s i z e  compared t o  global regions,  while 
t h e m p u t a t i o n a l  e f f o r t  can be la rger  i n  local regions t h a n  i n  global regions. 
2. CONTENTS 
T h i s  paper i s  divided i n t o  the following par ts :  




G1 obal -Local Approaches 
Example Problem 
ems t h a t  motivated global -1 ocal ana 
Conclusions and Recommendations 
3.  MOTIVATION PROBLEMS 
y s i s )  
The following s t r e s s  analysis problems, among many others,  motivate us t o  use 
gl obal-1 ocal aproaches: 
Free-Edge St ress  Concentration i n  Laminates 
Contact Stress Problems 
Impact 
Fracture Mechanics 
Unbounded-Domai n Problems 
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Almost a l l  laminated composite s t r u c t u r a l  elements have f r e e  edges a t  the  
boundaries ( i n c l u d i n g  holes)  o f  the elements. It i s  we l l  known t h a t  the t ransverse 
normal and shear stresses are very l a r g e  a t  the  edges (more prec ise ly ,  the  s t resses 
are l a r g e  w i t h i n  a d is tance o f  the order  o f  th ickness o f  the laminate from the  f r e e  
edge). While the c l a s s i c a l  laminate theory i s  adequate t o  descr ibe the behavior o f  
the laminate everywhere except i n  the "boundary l a y e r "  i n  which the t ransverse normal 
and shear stresses are la rge ,  a r e f i n e d  theory, o f t e n  the 3-D e l a s t i c i t y  theory,  i s  
needed t o  descr ibe the s t a t e  o f  s t ress  near the edges. 
Contact s t ress  problems ( f o r  example, b o l t e d  and bonded j o i n t s ,  t i r e  contact ,  
and metal- forming problems) requ i re  the  use o f  a specia l  theory t h a t  accounts f o r  
appropr ia te  c o n s t i t u t i v e  laws and f r i c t i o n  and a l lows f o r  s l i p ,  s l i d e ,  and separat ion 
o f  the mat ing p a r t s  i n  the contac t  regions. Elsewhere, appropr ia te e l a s t i c i t y  theory 
can be used. 
Impact o f  two s o l i d  bodies can be modelled by the use o f  one theory i n  the  
v i c i n i t y  o f  con tac t  and by another theory elsewhere. 
l a r g e r  i n  the  contac t  reg ion  than elsewhere, more r e f i n e d  theory and ana lys is  are 
requ i red  i n  contac t  regions. Of  course, the theory and ana lys is  used depend on the 
type o f  s t r u c t u r e  , l o a d i  ng and deformation. 
Since the  s t resses are much 
S t ruc tu res  con ta in ing  cracks, whether formed dur ing  manufactur ing o r  serv ice,  
requ i re  specia l  t reatment  o f  s t ress  f i e l d s  around cracks, o f t e n  us ing  3-D s t ress  
analyses and/or non l inear  f r a c t u r e  mechanics theor ies,  w h i l e  the  l i n e a r  e l a s t i c  
f r a c t u r e  mechanics theory i s  adequate away from the cracks. 
Problems i n v o l v i n g  unbounded regions ( f o r  example, s o i l  mechanics and earthquake 
engineer ing) are by t h e i r  nature d i v ided  i n t o  l o c a l  and g lobal  regions. Global 
regions, i n  theory, can be i n f i n i t e  b u t  i n  p r a c t i c e  they are f i n i t e l y  large,  and l e s s  
r e f i n e d  theory and/or ana lys is  i s  used t o  determine the  s t ress  f i e l d  and o the r  
p e r t i n e n t  in format ion.  
4. COMMON FEATURES 
The mot i va t i ng  problems 1 i s t e d  p rev ious l y  share c e r t a i n  common phys ica l  fea tures  
t h a t  are s i g n i f i c a n t  from the  model l ing and ana lys is  p o i n t s  o f  view. 
l i s t  prov ides some o f  these features:  
The f o l l o w i n g  
Stress Concentrat ion ( 1 arge 1 oca1 grad ien ts )  
Three-Dimensional S ta te  o f  St ress 
Large Rota t ions /St ra ins  
. Local D i  scon t i  nu i  t i e s  (ho les , d i  scon t i  nuous f i b e r s  , etc.  
. Mate r ia l  N o n l i n e a r i t i e s  (non l inear  e l a s t i c i t y ,  p l a s t i c i t y ,  e tc . )  
A g loba l - l oca l  s t ress  ana lys is  should account f o r  a l l  fea tures  t h a t  are present  
i n  the problem. O f  course, some of those features are n o t  t o  be inc luded i n  the 
g loba l  model. 
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5. FOCUS PROBLEM 
The focus problem ident i f ied  by NASA Langley Research Center i s  a blade- 
s t i f fened  panel w i t h  a discontinuous s t i f f e n e r .  
p hy s i ca 1 f ea t u  res  : 
The problem has the following 
Geometric Discontinuities 
Local S t ress  Gradients 
Eccentric Loading 
Large D i  spl acements 
Free Edges 
We shall  return t o  this problem l a t e r  t o  discuss the global-local analysis 
approach. 
6.  ANALYSIS METHODS 
6.1 COMMON APPROACHES 
The commonly used analysis methods for  s t ructural  problems are  
Classical ( o r  Analytical) Methods 
C1 assical  Variational Methods 
F i  n i  te-Di fference Method 
F i  n i  te-El ement Method 
Boundary Element Method 
Some noted advantages and disadvantages of these methods a re  outlined next. 
6.2 CLASSICAL AND VARIATIONAL METHODS 
The c lass ica l  method of solving problems exactly is  the best there is. However, 
most pract ical  problems ( w h i c h  have irregular geometries, anisotropic materials,  d i s -  
cont inui t ies ,  geometric and/or material nonl inear i t ies ,  etc.) do not admit exact 
solut ions by the c lass ica l  approach. 
The c lass ica l  variational (e.g. ,  Ritz,  Galerkin and weighted-residual ) methods 
y i e l d  continuous solutions throughout the domain, g i v i n g  h i g h  resolution of displace- 
ments and s t resses .  They are  computationally e f f i c i e n t  for  a given problem. For a 
given order of approximation, previously computed ( f o r  lower order approximation) 
matrix coef f ic ien ts  can be used. These methods, however, have two major short- 
comings: ( i )  the approximation functions a re  not easy and are  often impossible t o  
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cons t ruc t  f o r  most p r a c t i c a l  s t r u c t u r a l  problems; and ( i i )  the  v a r i a t i o n a l  methods 
cannot be implemented on a computer f o r  the  ana lys is  o f  a c lass  o f  problems because 
the  r e s u l t i n g  a1 gebraic equations depend on the  approximat5%-?h3ionsy which i n  
t u r n  depend on a s p e c i f i c  problem. 
6.3 FINITE-DIFFERENCE METHOD (FDM) 
The f i n i t e  d i f f e rence  method i s  simple i n  fo rmula t ion  (based on the representa- 
. t i o n  o f  d e r i v a t i v e s  o f  a func t i on  i n  terms o f  a f i n i t e  T a y l o r ' s  ser ies  expansion) and 
easy t o  implement on the  computer. 
methods u n t i l  the s i x t i e s ,  when the f i n i t e -e lemen t  method gained popu la r i t y ,  espe- 
c i a l l y  i n  s o l i d  and s t r u c t u r a l  mechanics. The disadvantages o f  the f i n i t e - d i f f e r e n c e  
method include: d i f f i c u l t y  i n  represent ing complex geometries, inexac t  representa t ion  
o f  boundary cond i t ions  on non-s t ra igh t  boundaries, and d i f f i c u l t y  i n  developing 
h igher-order  approximations. 
i t s e l f  f o r  general-purpose code development. 
approximations i n  s t r u c t u r a l  mechanics problems. 
The method dominated the  f i e l d  o f  numerical 
Because o f  these d i f f i c u l t i e s  the method does n o t  l e n d  
The method i s  seldom used f o r  s p a t i a l  
6.4 FINITE-ELEMENT METHOD 
The f i n i  t e - e l  ement method overcomes the shortcomings o f  the  c l  ass ica l  v a r i  a- 
t i o n a l  methods. This  approach i s  systemat ic (modular) and na tura l  and a l lows an 
accurate representa t ion  o f  complex geometries. 
t o  use w i thou t  changing the modular s t r u c t u r e  o f  the  approach. 
s u i t e d  f o r  general purpose and computer program development. The disadvantages, 
compared t o  o ther  computing methods, are the  l a r g e  fo rmu la t i ve  and computational 
e f f o r t s .  The f i n i t e -e lemen t  method i s  the most f requen t l y  used numerical method i n  
s t r u c t u r a l  ana lys is .  It i s  now a key component o f  any mechanical CAD/CAM system. 
Higher-order approximations are easy 
The method i s  i d e a l l y  
6.5 BOUNDARY ELEMENT METHOD (BEM) 
The f i n i t e - d i f f e r e n c e  and f i n i t e -e lemen t  methods can be c l a s s i f i e d  as domain 
methods because they i n v o l v e  approximations o f  the e n t i r e  domain. 
element method, a lso  known as the boundary i n t e g r a l  method (BIE), seeks approxima- 
t i o n s  on ly  on the boundary o f  the domain by conver t ing  the governing d i f f e r e n t i a l  
equat ions t o  i n t e g r a l s  over the  boundary o f  the  domain. The d imens iona l i t y  o f  the 
problem i s  thereby e f f e c t i v e l y  reduced by one. 
1 n o t  approximated, the computational t ime invo lved i s  l e s s  (BEM/FEM PI - where nxn i s  n' 
t h e  f i n i t e -e lemen t  mesh). The BEM o f f e r s  continuous i n t e r i o r  mode l l ing  w i t h i n  the  
so l  u t i  on domain, g i  v i  ng h igh  reso l  u t i o n  o f  d i  sp l  acements and stresses. The method i s  
unsui tab1 e f o r  probl  ems requ i  r i  ng in fo rmat ion  a t  a 1 arge number o f  i n t e r n a l  po in ts .  
App l i ca t i on  o f  BEM t o  non l inear  problems and problems w i t h  d i s c o n t i n u i t i e s  i s  n o t  
f u l l y  estab l ished.  
The boundary 
Because the  i n t e r i o r  o f  the  domain i s  
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6.6 CONCLUSIONS 
I n  conclusion, the  general a p p l i c a t i o n  o f  the  f i n i t e - e  ,?merit metl,oc t o  s t ruc-  
t u r a l  problems i s  unmatched t o  date. S t r u c t u r a l  problems, because o f  the modular 
na ture  o f  FEM, are b e t t e r  modelled by FEM. 
be advantageous i n  some problems (e.g. , unbounded-domain problems). 
A s u i t a b l e  combination o f  FEM and REM can 
7. GLOBAL-LOCAL APPROACHES 
7.1 MODELS AND METHODS 
I n  fo rmula t ing  a g iven problem, e i t h e r  the  same theory i s  used throughout or a 
r e f i n e d  theory  i s  used l o c a l l y  and a l ess  r e f i n e d  theory  g l o b a l l y .  
The g loba l - loca l  ana lys is  methods can be FEM throughout, FEM and c l a s s i c a l  
so lu t i on ,  o r  BEM and FEM. When the same theory and FEM are used throughout, i t  i s  
understood t h a t  l o c a l l y  spec ia l  elements are used (e.g., f r i c t i o n  element, i n t e r f a c e  
element w i t h  s l i d i n g ,  o r  elements which a l low opening and c l o s i n g  along element 
i n t e r f a c e s ) .  C lass ica l  so lu t i ons  are ava i lab le ,  f o r  example, f o r  i n f i n i t e  p la tes  
w i t h  holes.  The s o l u t i o n  i s  n o t  v a l i d  f a r  away from the  ho le  i f  the  p l a t e  i s  l ong  
b u t  n o t  i n f i n i t e .  I n  such cases, the FEM can be used g l o b a l l y  and the  c l a s s i c a l  
s o l u t i o n  can be used l o c a l l y .  For  s o i l  mechanics and earthquake engineer ing prob- 
lems, a combination o f  BEM and FEM proves computat ional ly  e f f i c i e n t .  
t i o n s  experimental methods g l o b a l l y  and computational methods l o c a l  l y  a r e  
recommended. 
In some s i tua -  
7.2 SOME EXAMPLES 
Some exampl e probl  ems t h a t  requi  r e  g1 obal-1 oca1 ana lys is  are 1 i sted here. 
Free-edge s t ress  ana lys is  o f  laminates 
Contact s t ress  problems 
Stress ana lys is  o f  s t ruc tu res  w i t h  d i s c o n t i n u i t i e s  
A b lade -s t i f f ened  panel w i t h  a discont inuous s t i f f e n e r  - the  focus 
p rob1 em 
As mentioned e a r l i e r ,  free-edge s t ress  problem requ i res  a r e f i n e d  theory near 
f r e e  edges. For  example, the  c l a s s i c a l  laminate theory g l o b a l l y  and . e i t h e r  quasi-30 
o r  f u l l  3-0 theory l o c a l l y  (depending on the  laminat ion  scheme, geometry and load ing)  
can be used t o  analyze the problem. The problem w i l l  be discussed i n  more d e t a i l  
1 a t e r  . 
i nter fe romet ry  can be used t o  determi ne the  sur face displacements (and hence s t r a i n s  
and s t resses)  and the  f i n i t e -e lemen t  method can be used t o  determine the  i n t e r i o r  
d i  sp l  acement and s t ress  f i  e l  ds. 
I n  b o l t e d  j o i n t  problems, an experimental technique such as the  Moir6 
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In the s t r e s s  analysis of plates  w i t h  holes, one can use a laminate theory away 
from holes and 3-D e l a s t i c i t y  theory around the hole, and use the finite-element 
method t o  model the e n t i r e  problem. 
In the case of the focus problem, which has a l l  features  t h a t  a re  present i n  the 
examples discussed above, the global theory should be a shear deformation p l a t e  
theory (2D) w i t h  the Von Karmen geometric non-linearity and the local theory can be 
the fu l ly  3D laminate theory. The finite-element method should be used throughout. 
When FEM i s  used loca l ly ,  the fu l ly  3D elements or  3D degenerate elements can be 
used. 
7.3 DIFFICULTIES 
In us ing  global-local approaches, we face some d i f f i c u l t i e s .  Some of these a r e  
Interfacing between regions 
Interfacing between methods 
Selection of regions 
Changing regions and interfaces  
When the finite-element method is  used, the elements used globally and loca l ly  
can be d i f fe ren t .  Then i t  i s  important t o  have compatibility of the nodal degrees of 
freedom a t  the in te r face  of the elements. 
needed i n  some s i tua t ions .  When two d i f fe ren t  methods a r e  used, the unknowns i n  the 
two methods should be the same. Selection of the local and global regions depends on 
the physical features  and accuracy desired. In some cases, the regions m i g h t  have t o  
be determined only a f t e r  a preliminary analysis.  The global and local regions can 
change d u r i n g  the history of deformation/ loading. 
analysis ,  the p l a s t i c  zones a re  unknown a pr ior i  and they change w i t h  loading. 
A special in te r face  element m i g h t  be 
For example, i n  e l a s t i c - p l a s t i c  
8. EXAMPLE PROBLEM 
Here we br ie f ly  discuss the free-edge s t r e s s  problem i n  symmetric laminates. 
Figure 1 shows the laminate geometry, loading, and the domain modelled. Because of 
the assumed symmetry of the lamination about the midplane and the constant s t ra in ing  
along the x-axis, the displacement f ie ld  can be approximated (ref.  1) as 
I u = uox + u(y ,z )  
v = V(y,z) 
w = W(y,z) 
where U o  i s  a constant, K .  
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The displacement f i e l d  i s  th ree  dimensional b u t  i t  leads, when s u b s t i t u t e d  i n t o  
the  Navier  equat ions o f  equ i l i b r i um,  t o  three p a r t i a l  d i f f e r e n t i a l  equat ions i n  two 
independent var iab les,  y and z. 
I t  i s  w e l l  known t h a t  the  t ransverse normal s t ress,  uZ, i s  very l a r g e  (un- 
To reduce i t s  magnitude a cap i s  used on the  f r e e  bounded) near the  f r e e  edge. 
edge. The e f f e c t  o f  the  cap on the  s t ress  d i s t r i b u t i o n  uZ i s  inves t iga ted .  The 
f i n i  t e - e l  ement method w i th  the  four-node b i  1 i near rectangul  a r  e l  ement i s used t o  
model the  computational domain. A r e f i n e d  mesh i s  used near the  f ree edge and i n  the  
cap. 
F igures  2 and 3 show the  d i s t r i b u t i o n  of the t ransverse normal s t ress  uZ along 
the  w id th  o f  the laminate f o r  [Oo/9OoIs and [45"/-45"Is laminates, respec t i ve l y ,  
( E 1  = 137.89 GPa, E2 = E3 = 14.48 GPa, 612 = 613 = 623 = 5.86 GPa, 
~ 1 2  = v i3  = 9 3  = 0.21). Resul ts  f o r  both capped and uncapped laminates a re  
presented ( f o r  k = 0.001, b = 25.4 cm, h = 2.54 cm and th ickness o f  the  cap, 
t = 0.08 cm). 
has q u i t e  a l a r g e  magnitude w i t h i n  a d is tance o f  y / b  = 0.1 (one-tenth o f  the w id th )  
from the  f r e e  edge. Hence a laminate theory i s  s u f f i c i e n t  t o  model the  i n t e r i o r ,  
w h i l e  the  quasi-3D can be used t o  model the  free-edge s t ress  f i e l d .  The e f f e c t  o f  
the  free-edge re in forcement  ( i  .e. , cap) on the s t ress  magnitude i s  s i g n i f i c a n t ;  t he  
magnitude i s  reduced t o  l e s s  than one- th i rd  o f  t h a t  w i thou t  cap. 
We observe t h a t  the  s t ress  i s  e s s e n t i a l l y  zero i n s i d e  the  laminate b u t  
For  a more d e t a i l e d  and complete s t ress  d i s t r i b u t i o n  near the f r e e  edge o f  a 
more general laminate (e.g., w i thou t  symmetry about the midplane), a three- 
dimensional model i s  needed. 
9. CONCLUSIONS AND RECOMMENDATIONS 
9.1 AREAS NEEDING SUPPORT 
A rev iew o f  the  l i t e r a t u r e  shows there  are very few cases o f  g loba l - l oca l  
analyses o f  s t r u c t u r a l  problems i n v o l v i n g  the "phys ica l  features' '  discussed e a r l  i e r .  
It i s  recommended that the f o l l ow ing  areas o f  g loba l - loca l  approaches be 
inves t iga ted :  
G1 obal-1 oca1 ana lys is  o f  problems wi th  "common features"  out1 i ned 
e a r l  i e r  
I n v e s t i g a t i o n  and development o f  i nte r face  elements 
F e a s i b i l i t y  o f  BEM as a computational t o o l  f o r  non l inear  problems and 
i t s  i n t e r f a c e  w i th  FEM 
Development o f  adapt ive mesh ref inements and t ime-stepping a lgor i thms 
E x p l o i t a t i o n  of the vector  and p a r a l l e l  processor computers f o r  
e f f i c i e n t  s t r u c t u r a l  ana lys is  
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0 Fin i te -e lement  ca l cu la t i ons  
So lu t i on  o f  equations 
E i  genval ue computations 
The use o f  p a r a l l e l  processors can d i c t a t e  the s o l u t i o n  procedures, f o r  
example, i t e r a t i v e  methods over one-step methods. 
9.2 NASA's  INVOLVEMENT 
NASA (CSM) shoul d be i nvol ved i n  the  g l  obal-1 ocal ana lys is  devel opment because 
o f  the tremendous impact t h i s  f i e l d  has on computational mechanics app l i ed  t o  space 
s t ruc tu res .  
1 ocal ana lys is  area: 
I n  p a r t i c u l  ar ,  NASA shoul d undertake the  f o l l  owi ng tasks i n  the  g lobal  - 
Support i n d i v i d u a l  grants (as opposed t o  l a r g e  group grants)  
Col laborate w i t h  u n i v e r s i t y  f a c u l t y  and graduate students by i d e n t i f y i n g  
s p e c i f i c  problem areas and p rov id ing  computational t ime and s c i e n t i f i c  
advice 
Give graduate s tudent  res identsh ips,  dur ing  which students spend a few 
weeks (perhaps the summers) a t  NASA 
Conduct workshops (say, once i n  two years )  t o  b r i n g  the  l a t e s t  
developments f o r  c r i t i c a l  eva lua t ion  and t o  s e t  f u t u r e  d i rec t i ons .  
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Figure 1. Laminate geometry and loading (cap i s  not  shown). 
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Figure 2. D i s t r i b u t i o n  o f  the  transverse normal 
s t ress  along the width o f  a cross-ply laminate 
co 0/90° 1 s. 
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Figure  3. D i s t r i b u t i o n  o f  the transverse normal stress (uz) 
along the width (y /b )  o f  the laminate C45O/-45"Is. 
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